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EXTENSION OF HOLOMORPHIC MOTIONS
AND MONODROMY
HIROSHIGE SHIGA
Abstract. Let E be a closed set in the Riemann sphere Ĉ. We consider
a holomorphic motion φ of E over a complex manifold M , that is, a
holomorphic family of injections on E parametrized by M . It is known
that if M is the unit disk ∆ in the complex plane, then any holomorphic
motion of E over ∆ can be extended to a holomorphic motion of the
Riemann sphere over ∆.
In this paper, we consider conditions under which a holomorphic
motion of E over a non-simply connected Riemann surface X can be
extended to a holomorphic motion of Ĉ over X. Our main result shows
that a topological condition, the triviality of the monodromy, gives a
necessary and sufficient condition for a holomorphic motion of E over
X to be extended to a holomorphic motion of Ĉ over X.
We give topological and geometric conditions for a holomorphic mo-
tion over a Riemann surface to be extended. We also apply our result
to a lifting problem for holomorphic maps to Teichmu¨ller spaces.
1. Introduction
A family of injections depending holomorphically on complex parameters
is called a holomorphic motion (see Definition 2.1 for the precise definition),
which is a powerful tool for complex dynamics, the deformation theory of
Kleinian groups and Teichmu¨ller theory. It first appeared in the λ-lemma
of a paper [17] by Mane´, Sad and Sullivan. The lemma says that every
holomorphic motion of a set E in the Riemann sphere Ĉ is extended to a
holomorphic motion of the closure of E. Since then, the theory of holomor-
phic motions has been rapidly developed.
In fact, the λ-lemma was improved by Bers-Royden([3]) and Sullivan-
Thurston ([26]); Slodkowski ([24], [25]) showed that every holomorphic mo-
tion of a closed set in Ĉ over the unit disk ∆ ⊂ C is extended to a holomor-
phic motion of Ĉ over ∆. Moreover, Earle, Kra and Krushkal ([8]) proved
that if a holomorphic motion over ∆ is G-equivariant for a subgroup G of
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Mo¨bius transformations (see Definition 2.2), then it is extended to a holo-
morphic motion of Ĉ which is also G-equivariant.
On the other hand, if the parameter space of a holomorphic motion is
not simply connected, then the holomorphic motion cannot be extended to
a holomorphic motion of Ĉ in general (see [2] for related results).
In this paper, we consider conditions of a holomorphic motion over a non-
simply connected Riemann surface X under which the holomorphic motion
can be extended to a holomorphic motion of Ĉ over X. In fact, we give a
necessary and sufficient condition for a holomorphic motion over a Riemann
surface to be extended to a holomorphic motion of Ĉ over the Riemann
surface.
We make some examples of holomorphic motions including a counter-
example to a claim of Chirka’s paper [4].
In the final section, we give an application of our results to a lifting
problem for holomorphic maps on a Riemann surface to Teichmu¨ller space.
We also give topological and geometric conditions for a holomorphic motion
over a Riemann surface to be extended.
Acknowledgment. The author thanks Professor S. Mitra for his valu-
able suggestions and comments.
2. Preliminaries and statements of main results
We begin with the precise definition of holomorphic motions.
Definition 2.1. Let M be a complex manifold (or complex Banach manifold
in general,) with a basepoint p0 and E a subset of Ĉ. A map φ : M×E → Ĉ
is called a holomorphic motion of E over M if it satisfies the following
conditions.
(1) φ(p0, z) = z for every z ∈ E;
(2) for each p ∈M , φp(·) := φ(p, ·) is an injection on E;
(3) for each z ∈ E, φ(·, z) is holomorphic on M ;
Furthermore, the holomorphic motion φ is called normalized if E contains
0.1 and ∞ and φp fixes 0, 1 and ∞ for any p ∈M .
It is always possible that a given holomorphic motion is changed to a
normalized one by conjugating Mo¨bius transformations. Throughout this
paper, we always assume that a holomorphic motion is normalized.
As we have noted above, we see from the λ-lemma ([17]) that every holo-
morphic motion of a set E is extended to a holomorphic motion of the closure
of E. Hence, without loss of generality, we may assume that the set E is
closed.
An important problem on holomorphic motions which we consider in this
paper, is the extension problem, that is, we consider conditions under which
the holomorphic motion of a subset E over M is extended to a holomorphic
motion of Ĉ over M .
We have already known some answers to the problem ([3], [24], [25]).
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Theorem 2.1. Let φ : M × E → Ĉ be a holomorphic motion of E over a
complex manifold M .
(1) For each p ∈ M , there exists a neighborhood Up of p such that the
restricted holomorphic motion φUp : Up ×E → Ĉ can be extended to
a holomorphic motion of Ĉ over Up;
(2) if dim M = 1 and simply connected, then φ is extended to a holo-
morphic motion of Ĉ over M ;
(3) the above statement (2) is not true in general if dimM > 1; for
n > 1 and for any finite subset E of Ĉ consisting of (n+ 3) points,
there exist an n-dimensional simply connected complex manifold M
and a holomorphic motion φ : M × E → Ĉ such that φ cannot be
extend to a holomorphic motion of Ĉ over M .
Remark 2.1. (1) The third statement in Theorem 2.1 is obtained from
a result that there are no holomorphic sections from Teichmu¨ller
space to the space of Beltrami coefficients if the dimension of the
Teichmu¨ller space is more than one (see [9]).
(2) From the uniformization theorem, a simply connected one-dimensional
complex manifold M is biholomorphically equivalent to either the
unit disk, the complex plane C or the Riemann sphere Ĉ. However,
if M is either C or Ĉ, then the holomorphic motion φ is always triv-
ial, that is, φ(p, z) = z for any (p, z) ∈ M × E. More precisely, a
simply connected complex manifold M does not admit non-constant
bounded holomorphic functions if and only if every holomorphic mo-
tion of E over M is trivial (cf. [18]).
In this paper, we deal with the case where the complex manifold M is one-
dimensional, that is, a Riemann surface, but not simply connected. While
we consider the extension problem for a holomorphic motion of E over a
Riemann surface, a key concept is the triviality of the monodromy defined
for a holomorphic motion over a general complex manifold. Let us explain
the triviality.
Let φ : M×E → Ĉ be a holomorphic motion of a set E ⊂ Ĉ over a complex
manifold M with a basepoint p0. For a finite subset E
′ of E, we consider
the restriction φ|E′ of the holomorphic motion φ to M × E′. Obviously,
φ|E′ is also a holomorphic motion of E′ over M . From Theorem 2.1 (1),
φ|E′ gives a holomorphic fibration of Riemann spheres with n punctures
over M , where n = ]E′, the cardinal number of the set E. Thus, for any
σ ∈ pi1(M,p0), there exists ρE′(σ) ∈ Mod(0, n) as the monodromy image
for σ of the fibration, where Mod(0, n) is the set of mapping classes of n-
punctured sphere. Then, we say that the monodromy of the holomorphic
motion φ is trivial if ρE′(σ) = [id] for any finite subset E
′ of E and for any
σ ∈ pi1(M,p0).
The triviality of the monodromy is described from viewpoint of the theory
of braids. Let γ be a closed curve which represents σ ∈ pi1(M,p0). For
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a parametrization γ : [0, 1] → M of the curve γ, we may have a braid
{(t, φ(γ(t), z))}t∈[0,1],z∈E′ of n strands from E′. It is known that the braid
gives the same ρE′(σ) ∈ Mod(0, n) as the monodromy image of the braid
for σ (cf. [13]). Then, we may say that the monodromy of φ is trivial if and
only if the monodromy of the braid is trivial for any finite subset E′ of E
and for any σ ∈ pi1(M,p0).
We consider another kind of monodromy for a holomorphic motion φ :
M ×E → Ĉ which is called the trace monodromy. Take distinct four points
z1, z2, z3, z4 and put q := {z1, z2, z3, z4}. Then,
(2.1) φq(·, zj) := φ(·, zj), (j = 1, 2, 3, 4)
defines a holomorphic motion of the set q over X. We say that the trace
monodromy of φ is trivial if the monodromy of φq is trivial for any q of
distinct four points of E.
The above definition of the trace monodromy has essentially the same
idea in common with the definition given in [2], while the condition of the
definition here is stronger.
It is not hard to see that if a holomorphic motion φ of E is extended
to a holomorphic motion of Ĉ, then both the monodromy and the trace
monodromy of φ are trivial. In our previous paper [2], we posed a question
that whether the converse is true or not. We give the affirmative answer if
E consists of four points ([2], Theorem B). The first theorem of our paper
gives the affirmative answer for the monodromy.
Theorem I. Let φ : X × E → Ĉ be a holomorphic motion of E over a
Riemann surface X. Then, φ can be extended to a holomorphic motion of
Ĉ over X if and only if the monodromy of φ is trivial.
Remark 2.2. In [2] Theorem D, we have proved the above theorem for a
holomorphic motion over a Riemann surface which is a complement of a cer-
tain small compact set in the unit disk. Hence, Theorem I is a generalization
of the theorem.
Chirka [4] considers a condition similar to the triviality of the monodromy
and the trace monodromy.
Let φ : X×E → Ĉ be a holomorphic motion of E over a Riemann surface
X. Take distinct points z1, z2 in E and a smooth closed curve α in X; we
consider the variation of argument of φ(·, z1)− φ(·, z2) along α, that is,
n(α; z1, z2) =
∫
α
darg(φ(·, z1)− φ(·, z2)).
Since α is a closed curve, n(α; z1, z2) is in 2piZ.
In [4], he claimed that if n(α; z, z′) = 0 for any distinct points z, z′ of
E and for any smooth closed curve α in X, then φ can be extended to
a holomorphic motion of Ĉ over X. Unfortunately, the claim is not true;
we may construct a counter example to this claim. We also give another
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example including a negative answer to the above question for the trace
monodromy.
Theorem II. Let E = {0, 1,∞, z0, . . . , zn} be a finite subset of Ĉ (n ≥ 0).
(1) There exist a Riemann surface X and a holomorphic motion φ :
X × E → Ĉ such that n(α; z, z′) = 0 for any closed curve α in X
and for any distinct points z, z′ in E but the holomorphic motion φ
cannot be extended to a holomorphic motion of Ĉ over X;
(2) there exist a Riemann surface X and a holomorphic motion φ : X ×
E → Ĉ such that for any proper subset E′ of E, the restriction φ|E′
of φ to X×E′ can be extended to a holomorphic motion of Ĉ over X
but the holomorphic motion φ cannot be extended to a holomorphic
motion of Ĉ over X.
Remark 2.3. Let E′ be any subset of E consisting of four points. Then,
for the holomorphic motion φ and the Riemann surface X in the second
statement, the monodromy of φ|E′, which is the trace monodromy for E′,
is trivial. Therefore, the holomorphic motion φ gives a negative answer to
the question in [2] for the trace monodromy.
We define the group equivariance of holomorphic motions.
Definition 2.2. Let G be a subgroup of Mo¨b(C), the set of Mo¨bius transfor-
mations. Suppose that a closed set E of Ĉ is G-invariant, that is, GE = E.
A holomorphic motion φ : X × E → Ĉ is called G-equivariant if for each
p ∈ X there exists an isomorphism θp from G to Mo¨b(C) such that
(2.2) φ(p, g(z)) = θp(g)(φ(p, z))
holds for any (p, z, g) ∈ X × E ×G.
We may also show an equivariant version of Theorem I.
Theorem III. Let φ : X ×E → Ĉ be a G-equivariant holomorphic motion
of E over a Riemann surface X. Then there exists a G-equivariant holo-
morphic motion of Ĉ over X if and only if the monodromy of φ is trivial.
3. Fundamental Notions
3.1. Teichmu¨ller space and reduced Teichmu¨ller space. First of all,
we recall the definition of Teichmu¨ller space Teich(S) of a hyperbolic Rie-
mann surface S (see [12] for further details).
Let Γ be a Fuchsian group acting on the unit disk ∆ which represents S.
A quasiconformal self-map ϕ of ∆ is called Γ-compatible if ϕ ◦ γ ◦ ϕ−1 is a
Mo¨bius transformation for every γ ∈ Γ. Two Γ-compatible quasiconformal
maps ϕ1, ϕ2 are said to be equivalent if there exists a Mo¨bius transformation
g from ∆ to itself such that g ◦ ϕ1 = ϕ2 on ∂∆. The Teichmu¨ller space
Teich(S) of S is defined as the set of equivalence classes [ϕ]Γ of Γ-compatible
quasiconformal maps ϕ.
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The Teichmu¨ller space Teich(S) is understood in terms of Beltrami co-
efficients. For a measurable set U ⊂ C we denote by M(U) the space of
Beltrami coefficients on U , that is, the space of bounded measurable func-
tions µ on U with ||µ||∞ < 1. For each µ ∈M(∆), we have a quasiconformal
self-map ϕµ of ∆ satisfying the Beltrami equation:
∂ϕµ = µ∂ϕµ
almost everywhere in ∆; µ is called the Beltrami coefficient of ϕµ. Then ϕµ
is Γ-compatible if and only if
(3.1) µ(γ(z))
γ′(z)
γ′(z)
= µ(z) (a.e.)
holds for every γ ∈ Γ and for almost all z in ∆. We denote by Belt(Γ) the
set of Beltrami coefficients µ satisfying (3.1). We denote by piΓ the natural
projection from Belt(Γ) to Teich(S) defined by [µ]Γ for µ ∈ Belt(Γ). It is
known that the projection is surjective. Therefore, the Teichmu¨ller space
Teich(S) agrees with piΓ(Belt(Γ)).
A hyperbolic Riemann surface S is called of type (g, n) if it is a Riemann
surface of genus g with n punctures. Then, the Teichmu¨ller space Teich(S)
has another description.
Let S′ be a Riemann surface of the same type as S and f : S → S′ be a
quasiconformal homeomorphism from S to S′. We consider the pair (S′, f).
We say that two such pairs (Si, fi) (i = 1, 2) are Teichmu¨ller equivalent
if there exists a conformal map h : S1 → S2 such that h is homotopic to
f2 ◦ f−11 . The Teichmu¨ller equivalence class of (S′, f) is denoted by [S′, f ].
The Teichmu¨ller space Teich(S) of S is regarded as the set of all Teichmu¨ller
equivalence classes. It is known that the Teichmu¨ller space Teich(S) admits
a natural complex structure of dimension 3g − 3 + n if S is of type (g, n).
The Teichmu¨ller space Teich(S) is equipped with a complete distance
called the Teichmu¨ller distance dT , which is defined by
dT ([S1, f1], [S2, f2]) =
1
2
inf
g
logK(g),
where the infimum is taken over all quasiconformal maps g : S1 → S2
homotopic to f2 ◦ f−11 and K(g) is the maximal dilatation of g. It is known
that the Teichmu¨ller distance dT is equal to the Kobayashi distance of the
complex manifold Teich(S).
The mapping class group Mod(g, n) is the group of homotopy classes of
all quasiconformal self-maps ω of S. Let χ[ω] be an element of Mod(g, n)
represented by ω : S → S. Then, it acts on Teich(S) by
χ[ω]([S′, f ]) = [S′, f ◦ ω−1] ([S′, f ] ∈ Teich(S)).
It is not hard to see that the action is well-defined and every χ[ω] is an
isometry with respect to the Teichmu¨ller distance. In fact, the mapping class
group Mod(g, n) is the group of biholomorphic automorphisms of Teich(S).
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Reduced Teichmu¨ller space.
A Riemann surface S is called of type (g;n,m) if it is of genus g with n
punctures and m boundaries. We assume that the surface is hyperbolic so
that its universal covering is conformally equivalent to the unit disk ∆. We
may also assume that every boundary component is a smooth Jordan curve.
Let S0 be a Riemann surface of type (g;n,m) with m ≥ 1 and Γ0 be a
Fuchsian group acting on ∆ which represents S0. Then the Fuchsian group
Γ0 is of the second kind, that is, the limit set Λ(Γ0) is a Cantor set on
∂∆. We say that two Γ0-compatible quasiconformal maps ϕ1, ϕ2 are R-
equivalent if there exists a Mo¨bius transformation g from ∆ to itself such
that g ◦ ϕ1 = ϕ2 on Λ(Γ0). The reduced Teichmu¨ller space Teich#(S0) of
S0 is defined as the set of all R-equivalence classes [ϕ]
#
Γ0
of Γ0-compatible
quasiconformal self-maps ϕ of ∆.
For [ϕ]#Γ0 ∈ Teich#(S0), the quasiconformal self-map ϕ of ∆ can be
symmetrically extended to a self-quasiconformal map ϕ̂ of the Riemann
sphere Ĉ. We see that Γϕ := ϕ̂Γ0ϕ̂−1 is also a Fuchsian group of the sec-
ond kind. It acts properly discontinuously on Ĉ \ Λ(Γϕ). Hence, it gives
a quasiconformal map from
(
Ĉ \ Λ(Γ0)
)
/Γ0 to
(
Ĉ \ Λ(Γϕ)/Γϕ
)
. Since
Ŝ0 :=
(
Ĉ \ Λ(Γ0)
)
/Γ0 and Ŝϕ :=
(
Ĉ \ Λ(Γϕ)/Γϕ
)
are doubles of S0 and
Sϕ := ∆/Γϕ respectively, it defines an element µϕ of Belt(Γ̂0), where Γ̂0 is a
Fuchsian group representing Ŝ0. It is known that if ϕ and ψ are R-equivalent,
then µϕ and µψ gives the same point of Teich(Ŝ0). Thus, we have a map Π̂
from Teich#(S0) to Teich(Ŝ0). In fact, the map is real analytic.
Teichmu¨ller space of a closed set.
Let E be a closed set in Ĉ containing 0, 1,∞. It is well known that for
each µ ∈M(C), there exists a unique quasiconformal self map wµ of Ĉ such
that it fixes 0, 1,∞ and satisfies the Beltrami equation
∂wµ = µ∂wµ
almost everywhere in C. The map wµ is called the normalized quasiconfor-
mal map for µ.
Two Beltrami coefficients µ, ν ∈ M(C) are said to be E-equivalent if
(wµ)−1 ◦ wν are homotopic to the identity rel E. We denote by [µ]E the
equivalence class of µ. The Teichmu¨ller space T (E) of the closed set E is
the set of all equivalence classes [µ]E of µ ∈ M(C). Obviously, T (E) =
Teich(Ĉ \ E) if E is a finite set. We denote by PE the quotient map of
M(C) onto T (E).
Since E is a closed set of Ĉ, the complement Ec of E is a disjoint union
of domains Xi (i ∈ N) on Ĉ. Each Xi is a hyperbolic Riemann surface;
we may define Teichmu¨ller space T (Ec) as the product Teichmu¨ller space
qi∈NT (Xi) with product metric. It is the set of all (pi)i∈N (pi ∈ T (Xi)) such
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that the Teichmu¨ller distances between the basepoint Xi and pi is less than
a constant independent of i ∈ N.
A Beltrami coefficient onXi gives a point in T (Xi); it is computed that the
Teichmu¨ller distance between two points determined by 0 and µ ∈ M(Xi)
is not greater than 12 log(1 + ‖µ‖∞)(1 − ‖µ‖∞)−1. Hence, considering the
restriction µ|Ec for µ ∈M(C), we have a map PT fromM(C) to T (Ec) which
sends µ ∈M(C) to the product of pi ∈ T (Xi) defined by µ|Xj (i ∈ N). We
define a map P˜E from M(C) to T (Ec)×M(E) by
(3.2) P˜E(µ) = (PT (µ), µ|E).
It is easy to see that P˜E is surjective. Moreover, it is known that the map
is a holomorphic split submersion.
Proposition 3.1 (Lieb’s isomorphism theorem. cf. [9]). There exists a well-
defined bijective map θ : T (E) → T (Ec) ×M(E) such that θ ◦ PE = P˜E.
The Teichmu¨ller space T (E) admits a unique complex structure so that PE
is a holomorphic split submersion and θ is biholomorphic.
If µ, ν ∈M(C) are E-equivalent, then wµ(z) = wν(z) for all z ∈ E. Thus,
we have a well-defined map of T (E) to Ĉ by T (E) 3 [µ]E 7→ wµ(z) ∈ Ĉ. It
is known that Ψ([µ]E , z) := w
µ(z) is a holomorphic motion of E over T (E).
Furthermore, the holomorphic motion Ψ is universal in the following sense
(cf. [9]).
Proposition 3.2. Let V a simply connected complex Banach manifold and
φ : V × E → Ĉ a holomorphic motion of E over V . Then, there exists a
holomorphic map f : V → T (E) such that φ(p, w) = Ψ(f(p), w) hold for all
(p, w) ∈ V × E.
3.2. Douady-Earle extension. Let h be an orientation preserving home-
omorphism of the unit circle to itself. Douady and Earle ([6]) found a canon-
ical extension E(h) of h to the unit disk ∆, which they call the barycentric
extension; it is now also called Douady-Earle extension (cf. see also [16])
The extension E(h) has the following significant properties:
(1) E(h) is real analytic and it is conformally natural , that is, for con-
formal automorphisms f, g of ∆,
(3.3) E(f ◦ h ◦ g) = f ◦ E(h) ◦ g
holds in ∆;
(2) if h is the boundary function of a quasiconformal self-map of ∆, then
E(h) is also quasiconformal.
Let Γ be a Fuchsian group acting on ∆ which represents a hyperbolic Rie-
mann surface S. For each p = [ϕ]Γ ∈ Teich(S), there exists an isomorphism
θp of Γ to Mo¨b(∆), the space of Mo¨bius transformations preserving ∆ such
that
ϕ ◦ γ = θp(γ) ◦ ϕ
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holds on ∂∆ for any γ ∈ Γ. Hence, from (3.3) we have
E(ϕ) ◦ γ = θp(γ) ◦ E(ϕ) in ∆,
and σS : Teich(S) 3 p 7→ E(ϕ)z¯/E(ϕ)z ∈ Belt(Γ) ⊂M(∆) is a well-defined
map of Teich(S) to Belt(Γ). The map σR has the following properties:
(1) It is a section for piΓ : Belt(Γ)→ Teich(S), that is, piΓ ◦σS = id and
it is real analytic;
(2) for each p ∈ Teich(S), σS(p) is real analytic as a function on ∆.
Using σS , we give a section of PE for the Teichmu¨ller space T (E) of
a closed set E. In Proposition 3.3 below, we see that the section is real
analytic. The further discussions are given in a paper of Earle-Mitra [?] with
more complete details. We will give a brief discussion for the convenience
of the reader.
From Proposition 3.1, T (E) is biholomorphic to T (Ec)×M(E). We shall
give a section for P˜E : M(C)→ T (Ec)×M(E).
Take a point (p, ν) in T (Ec)×M(E). The point p = (pi)i∈N is a point of
the product Teichmu¨ller space qi∈NT (Xi), where Xi are connected compo-
nents of Ec and pi ∈ T (Xi) (i = 1, 2, . . . ). Thus, we have σXi(pi) ∈ Belt(Γi)
for a Fuchsian group for Xi. Projecting σXi(pi) to the planar domain Xi,
we have a measurable function on Xi, which we denote by σ̂(pi).
Since σXi(pi) is real analytic on ∆, so is σ̂(pi) on Xi. Moreover, a property
of Douady-Earle extension shows that there exists a constant kp ∈ [0, 1)
depending only on p such that ‖σ̂(pi)‖∞ ≤ kp. Therefore, we may define a
map sE from T (E
c)×M(E) to M(C) by
(3.4) sE(p, ν)(z) =
{
σ̂(pi)(z), (z ∈ Xi; i ∈ N),
ν(z), (z ∈ E).
Then we have (see also [9])
Proposition 3.3. The map sE is a section for P˜E : M(C)→ T (Ec)×M(E).
Furthermore,
(1) sE : T (E
c)×M(E)→M(C) is real analytic;
(2) for each (p, ν) ∈ T (Ec)×M(E), sE(p, ν) is a real analytic function
on Ec.
Definition 3.1. The sE defined as above is called the Douady-Earle section
on T (E).
A property in the reduced Teichmu¨ller space.
Here, we shall note a property of σS related to reduced Teichmu¨ller space.
Let S0 be a hyperbolic Riemann surface of type (g;n,m) with m ≥ 1
and Ŝ0 be the double of S0 with respect to ∂S0. Then, there exists an anti-
conformal involution JS0 : Ŝ0 → Ŝ0 which keeps every boundary point fixed.
Let f : S0 → S be a quasiconformal map. Since S is also a Riemann surface
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of the same type, we may consider the double Ŝ of S with respect to ∂S
and the anti-conformal involution JS : Ŝ → Ŝ for Ŝ. We extend f to a map
fˆ : Ŝ0 → Ŝ symmetrically by
(3.5) fˆ(z) =
{
f(z), z ∈ S0
JS(f(JS0(z))), z ∈ Ŝ0 \ S0.
Since those surfaces are bounded by smooth Jordan curves, fˆ is a quasicon-
formal map on Ŝ0. In fact, we have Π̂([S, f ]) = [Ŝ, fˆ ] ∈ Teich(Ŝ0).
From the definition of fˆ , we have
JS ◦ fˆ = fˆ ◦ JS0 .
Hence, we may assume that there is a lift F : ∆→ ∆ of fˆ such that
j ◦ F = F ◦ j,
where j(z) = z¯. Then the boundary function ϕF of F also satisfies
(3.6) j ◦ ϕF = ϕF ◦ j.
From (3.6) and the conformal naturality (3.3), we have
(3.7) j ◦ E(ϕF ) = E(ϕF ) ◦ j
on ∆. The map E(ϕF ) is projected to a real analytic quasiconformal map
e(f) from Ŝ0 to Ŝ, and e(f) is symmetric, namely,
(3.8) JS ◦ e(f) = e(f) ◦ JS0
holds on Ŝ0. Therefore, e(f)(∂S0) = ∂S and we see that e(f)(S0) = S
because e(f) is orientation preserving. The symmetric quasiconformal map
e(f) determines the same point as fˆ in T (Ŝ0). Hence e(f)|S0 : S0 → S gives
the same point as f in Teich#(S0).
Summing up the above arguments, we conclude the following proposition
which is used in Step 2 of §5:
Proposition 3.4. Let S0 be a Riemann surface of type (g;n,m) with m ≥ 1
and f : S0 → S be a quasiconformal homeomorphism. Then, there exists a
real analytic symmetric quasiconformal homeomorphism e(f) : Ŝ0 → Ŝ such
that e(f)|S0 determines the same point as f in Teich#(S0).
4. Extending holomorphic motions as quasiconformal motions
In this section, we shall view the extension problem for holomorphic mo-
tions in a general setting.
Proposition 4.1. Let M be a connected complex manifold and φ : M ×
E → Ĉ a holomorphic motion of a closed set E over M . Suppose that the
monodromy of φ is trivial. Then there exists a map Φ : M → M(C) with
the following properties:
(1) The map Φ is real analytic;
(2) for each p ∈M , Φ(p) ∈M(C) is real analytic in C \ E;
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(3) wΦ(p)(z) = φ(p, z) for every (p, z) ∈ M × E, where wµ is the nor-
malized quasiconformal self-map of Ĉ whose Beltrami coefficient is
µ.
Proof. Let M˜ be the holomorphic universal covering of M and Γ a cover
transformation group of M˜ . Then, the canonical projection pi : M˜ → M =
M˜/Γ defines a holomorphic motion φ˜ of E over M˜ by
(4.1) φ˜(p˜, z) = φ(pi(p˜), z), (p˜, z) ∈ M˜ × E.
Since M˜ is simply connected, it follows from Proposition 3.2 that there is
a holomorphic map f : M˜ → T (E) such that
(4.2) φ˜(p˜, z) = Ψ(f(p˜), z), (p˜, z) ∈ M˜ × E.
Moreover, it follows from the triviality of the monodromy of φ that f ◦γ = f
for any γ ∈ Γ. Thus, we have a well-defined holomorphic map F : M →
T (E) with F ◦ pi = f . Put Φ = sE ◦ F , where sE is the Douady-Earle
section given in Proposition 3.3. We verify that the map Φ has the desired
properties. Indeed, the statements (1) and (2) are direct consequences from
Proposition 3.3. We show (3).
For any (p, z) ∈ M × E, we take p˜ ∈ M˜ such that pi(p˜) = p. It follows
from (4.1) and (4.2) that
φ(p, z) = φ˜(p˜, z) = Ψ(f(p˜), z) = Ψ(F ◦ pi(p˜), z)
= Ψ(F (p), z) = wsE◦F (p)(z) = wΦ(p)(z).
Thus, we have proved (3). 
Remark 4.1. For a given holomorphic motion φ : M ×E → Ĉ with trivial
monodromy, the above Φ : M → M(C) defines a “motion”φ¯ : M × Ĉ → Ĉ
of Ĉ over M by
(4.3) φ¯(p, z) = wΦ(p)(z), (p, z) ∈M × Ĉ.
It is not holomorphic because Φ is not necessarily holomorphic. However,
it still makes a continuous family of quasiconformal maps parametrized by
M . In fact, φ¯ is a quasiconformal motion in the sense of Sullivan and
Thurston [26].
5. Reductions of Theorem I
The proof of Theorem I is done by several steps in §5 while it uses an idea
similar to that in Slodkowski [25]. However, our methods in §5 are slightly
different and they are simpler than the argument in [25].
In this section, we reduce the statement to a simpler one; first, we see
that the argument is deduced from the case where the set E is finite.
Lemma 5.1. Let φ : X × E → Ĉ be a holomorphic motion of E over a
Riemann surface X. Then, φ can be extended to a holomorphic motion of
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Ĉ over X if and only if for any finite set E′ of E the restricted holomorphic
motion to E′ is extended to a holomorphic motion of Ĉ over X.
Proof. “only if”statement is obvious; we give a proof of “if”-part. In fact,
one may find a proof in some literature (e. g. [2]). We will give the proof for
the convenience of the reader.
Let {0, 1,∞} ⊂ E1 ⊂ E2 · · · ⊂ En · · · ⊂ E be a sequence of finite subsets
of E with E = ∪∞n=1En. From the assumption, there exist holomorphic
motions φn : X × Ĉ → Ĉ of Ĉ (n = 1, 2, . . . , ) which extend φ|En. We
take a countable dense set A := {ak}∞k=1 of Ĉ \ {0, 1,∞} containing all En
(n = 1, 2, . . . ).
Now, we consider {φn(·, a1)}∞n=1, a family of holomorphic functions on
X. Since φn(X, a1) ⊂ Ĉ \ {0, 1,∞}, the family is a normal family by Mon-
tel’s theorem. Hence, we may find a subsequence {n1j}∞j=1 of N such that
{φn1j (·, a1)}∞j=1 normally converges to a holomorphic function on X. By
the same reason, we may find a subsequence {n2j}∞j=1 of {n1j}∞j=1 such that
{φn2j (·, a2)}∞j=1 normally converges to a holomorphic function on X. Us-
ing the same argument and the diagonal argument, we have a sequence
{nk}∞k=1 ⊂ N such that {φnk(·, a)}∞k=1 converges to a holomorphic function
F (·, a) on X for each a ∈ A.
Since φnk is an extension of φ, we have
F (p, z) = lim
k→∞
φnk(p, z) = φ(p, z)
for each p ∈ X and z ∈ En and F (p0, z) = z for all z ∈ Ĉ.
Next, we show the injectivity of F (p, z) for z ∈ Ĉ. We see that the map
Ĉ 3 z 7→ φn(p, z) gives a normalized quasiconformal map for each p ∈ X.
Moreover, for each compact subset V of X, there exists a constant K > 1
depending only on V such that φn(p, ·) is a normalized K-quasiconformal
map on Ĉ for any p ∈ V (cf. [3] Theorem 2). Thus, {φn(p, ·) | p ∈ V }∞n=1 is
a normal family of quasiconformal maps on Ĉ.
We have already taken the sequence {nk}∞k=1 above such that {φnk(·, ·)}∞k=1
converges to F (·, ·) on X ×A. Since A = Ĉ, it converges also on X × Ĉ and
F (p, ·) is a quasiconformal map. In particular, F (p, z) 6= F (p, z′) if z 6= z′.
Above all, we have a holomorphic motion F : X × Ĉ → Ĉ of Ĉ over X
which extends φ as desired. 
We may assume that the set E is finite. In the next step, we see that the
Riemann surface could be of analytically finite and the holomorphic motion
is defined over the closure of the Riemann surface.
Lemma 5.2. Let φ : X × E → Ĉ be a holomorphic motion of a finite set
E over a Riemann surface X. Then, φ can be extended to a holomorphic
motion of Ĉ over X if and only if for any subsurface X ′ of X the restricted
holomorphic motion to X ′ can be extended to a holomorphic motion of Ĉ
over X ′.
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Proof. Again, “only if”statement is obvious; we give a proof of “if”-part.
Let x0 ∈ X1 ⊂ X2 ⊂ . . . , Xn ⊂ Xn+1 ⊂ . . . be a sequence of domains of
X satisfying the following conditions.
(1) each domain Xn is bounded by a finite number of analytic Jordan
curves in X;
(2) Xn := Xn ∪ ∂Xn is compact in X (n = 1, 2, . . . );
(3) every connected component of X \ Xn is non-compact in X (n =
1, 2, . . . );
(4) X = ∪∞n=1Xn.
Here, a simple curve γ on a Riemann surface X is called analytic if for
each point p ∈ γ there exist a neighborhood Ux of p and a conformal map
ϕ : Up → C such that ϕ(Up∩γ) ⊂ R. Sometimes, {Xn}∞n=1 is called a regular
exhaustion of X. The existence of a regular exhaustion of an open Riemann
surface is well known (cf. [1]).
Let ψn : Xn×E → Ĉ be a holomorphic motion restricted to Xn, namely,
ψn(p, z) = φ(p, z) for (p, z) ∈ Xn × E. From our assumption, there exist
holomorphic motions ψ̂n : Xn× Ĉ→ Ĉ of Ĉ over Xn which extends ψn. For
each z ∈ Ĉ \ {0, 1,∞}, we have ψ̂n(Xn, z) ⊂ Ĉ \ {0, 1,∞} (n = 1, 2, . . . ).
Hence, by Montel’s theorem the family {ψ̂n(·, z)|D}∞n=k is normal in any
domain D contained in Xk.
Take a countable dense subset A in Ĉ \ E and repeat the same argu-
ment as in the proof of Lemma 5.1. Then, as a limit of (a subsequence of)
{ψ̂n(·, z)}∞n=1 (z ∈ A), we have a holomorphic motion of Ĉ over X which
extends φ. 
We say that a Riemann surface X is compact bordered if it is of finite genus
and bounded by a finite number of analytic Jordan curves. Hence, to prove
Theorem I, it suffices to show that a holomorphic motion φ : X × E → Ĉ
of a finite set E = {0, 1,∞, z1, . . . , zn} over a compact bordered Riemann
surface X is extended to a holomorphic motion of Ĉ over X. Furthermore,
we may assume that the holomorphic motion φ is a holomorphic motion
over a neighborhood of X.
For such a holomorphic motion φ : X × E → Ĉ, we set
R = max{|φ(p, zj)| | p ∈ X, 1 ≤ j ≤ n}+ 1,(5.1)
r =
1
3
min{|φ(p, zj)| | x ∈ X, 1 ≤ j ≤ n},
and
∆cR = {z ∈ C | |z| ≥ R}, ∆r = {w ∈ C | |z| < r}.
Note that 0 < r < 3r < R. Then, we define a holomorphic motion φ˜ of
E ∪∆r ∪∆cR over X by
(5.2) φ˜(p, z) =
{
φ(p, z), (p, z) ∈ X × E,
z, (p, z) ∈ X × (∆r ∪∆cR).
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Obviously, the monodromy of φ˜ is trivial if that of φ is trivial. Hence,
Theorem I is deduced from the following theorem.
Theorem 5.1. Let E be a finite set containing 0, 1 and ∞ and X be a
compact bordered Riemann surface with basepoint p0 which is not simply
connected. Let φ : X × (E ∪ ∆r ∪ ∆cR) → Ĉ be a holomorphic motion
of E ∪ ∆r ∪ ∆cR over X, the closure of X. Suppose that φ(p, z) = z for
(p, z) ∈ X × (∆r ∪ ∆cR) and the monodromy of φ is trivial. Then, there
exists a holomorphic motion φ̂ of Ĉ over X which extends φ.
6. Proof of Theorem 5.1
The proof of Theorem 5.1 is done by several steps. We put E = {0, 1,∞, z1, . . . , zn}
and R, r are defined by (5.1).
Step 1: Construction of a simply connected Riemann surface.
We take a set of analytic simple closed curves and arcs inX, say {α1, α2, . . . , αk},
having the following properties (see Figure 1).
(i) ](αi ∩ αj) ≤ 1 (i 6= j) and ](αi ∩ ∂X) ≤ 2 (i, j = 1, 2, . . . , k);
(ii) if αi ∩ αk 6= ∅ or αi ∩ ∂X 6= ∅, then both curves cross each other
perpendicularly;
(iii) X ′ := X \ ∪ki=1αi is connected and simply connected;
(iv) X ′ 3 p0. Figure 1
The existence of such a system of curves and arcs is known; e. g., use
Green lines on X of Green’s function with pole at p0 (cf. [21]). We denote
by {q1, q2, . . . , qm} the set of all intersection points αi ∩ αj and αi ∩ ∂X
(i, j = 1, 2, . . . , k). Since X ′ is a simply connected Riemann surface, we have
a Riemann map ϕ : ∆→ X ′ with ϕ(0) = p0. The map ϕ can be continuously
extended to ∂∆. Moreover, since ∂X ′ is piecewise analytic, ϕ has an analytic
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Figure 2
continuation across ∂∆ except {ξ1, ξ2, . . . , ξm′} := ∪mi=1ϕ−1(qi), and ϕ|∂∆
is a two to one map except for ξi (i = 1, 2, . . . ,m
′). We distinguish points
on ∂X ′ according to images of ϕ. Namely, if ∂X ′ 3 q = ϕ(ξ1) = ϕ(ξ2) for
ξ1 6= ξ2, we consider qξi ∈ ∂X ′ as lim∆3λ→ξi ϕ(λ) (i = 1, 2) and they are
different (Figure 2). Hence, ϕ becomes a homeomorphism from ∆ onto
X ′ = X ′ ∪ ∂X ′.
Since the angle of ∂X ′ at each qi is pi/2, we have
(6.1) |ϕ(λ)− ϕ(ξj)| = O(|λ− ξj |1/2) as λ→ ξj
for every ξj ∈ ∪mi=1ϕ−1(qi) and a local coordinate at qi (i = 1, 2, . . . ,m) (cf.
[20]).
Step 2: Radial structures.
Let φ : X × (E ∪∆r ∪∆cR)→ Ĉ be a holomorphic motion of E ∪∆r ∪∆cR
over X as in Theorem 5.1. We consider a new holomorphic motion φ′ :
X × (E ∪ {|z| ≤ 2r} ∪ {|z| ≥ R− 1})→ Ĉ by
φ′(p, z) =
{
φ(p, z), z ∈ E
z, z ∈ {|z| ≤ 2r} ∪ {|z| ≥ R− 1}.
As the monodromy of φ is trivial, the monodromy of φ′ is also trivial; it
follows from Proposition 4.1 that there exists a real analytic map Φ : X →
M(C) such that φ0 : X × Ĉ→ Ĉ defined by
(6.2) φ0(p, z) = w
Φ(p)(z)
extends φ′. From Proposition 4.1 (2), φ0(p, ·) is real analytic on {2r < |z| <
R−1}\E. Since E is a finite set, φ0(p, ·) is real analytic on {2r < |z| < R−1}.
We may modify the map to have a smooth map on {r ≤ |z| ≤ R} which
extends φ0; we give a concrete construction of the extension.
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For each p ∈ X, we put Sp = {2r < |z| < R− 1} \ {φ(p.z1), . . . , φ(p, zn)}.
The domain Sp is a Riemann surface of type (0;n, 2) and a map fp :=
φ0(p, ·)|Sp0 is a quasiconformal map from Sp0 to Sp. From Proposition 3.4,
there exists a real analytic symmetric quasiconformal map e(fp) : Sp0 ∪
∂Sp0 → Sp∪∂Sp which determines the same point in the reduced Teichmu¨ller
space Teich#(Sp0) as fp. In particular, e(fp)(z) = φ(p, z) for any w ∈ E ∩
Sp0 . Furthermore, it follows from the symmetricity that e(fp)(e
iθ[2r, (R−1)])
is orthogonal to {|z| = 2r} and {|z| = R − 1} for any eiθ ∈ ∂∆, where
eiθ[2r, (R − 1)] is the closed line segment between 2reiθ and (R − 1)eiθ.
However, e(fp)|∂Sp0 may not be the identity. We extend the map to {R−1 ≤
|z|} by the following way.
Put e(fp)((R − 1)eiθ)) = (R − 1)eiΘp(θ) (Θp(θ) ∈ [0, 2pi)) for θ ∈ [0, 2pi).
Θp is a homeomorphism from [0, 2pi) onto [Θp(0),Θp(0) + 2pi). We define a
quadratic polynomial gθp for each θ ∈ [0, 2pi) by
gθp(x) = Ap(x− log(R− 1))2 + Θp(θ),
where Ap = (θ−Θp(θ))(logR−log(R−1))−2; we see gθp(log(R−1)) = Θp(θ),
(gθp)
′(log(R− 1)) = 0 and gθp(logR) = θ. Then, we define a map φ1(p, w) for
(p, z) ∈ X × {2r ≤ |z|} by
φ1(p, z) =

z, (|z| > R)
e(fp)(z), (2r ≤ |z| < R− 1)
|z| exp{igθp(log |z|)}, (R− 1 ≤ |z| ≤ R, arg z = θ ∈ [0, 2pi)).
It is not hard to see that gθp(x) 6= gθ
′
p (x) if θ 6= θ′. Hence, the map φ1 is a
diffeomorphism from X × {2r ≤ |z| ≤ R} onto itself. In particular, φ1(p, ·)
is quasiconformal and φ1(p, e
iθ((R − 1), R)) is orthogonal to {|z| = R − 1}
at w = e(fp)((R− 1)eiθ).
Furthermore, there exist  > 0 and c > 0 such that for any (p, θ) ∈
X × [0, 2pi), the image of {z = ρeiθ | R − c < ρ ≤ R} via φ1(p, ·) is in the
Stolz region at Reiθ for . Namely,
R− ρ
|Reiθ − φ1(p, ρeiθ)| > 
holds if R− c < ρ ≤ R.
We may extend φ to X ×{r ≤ |z| ≤ 2r} by a similar way. We denote the
extended map also by φ1. Then, at re
iθ, φ1({z = ρeiθ | r ≤ ρ < r+ c}) is in
the ”Stolz region” for some  > 0;
ρ− r
|reiθ − φ1(p, ρeiθ)| > 
holds if r ≤ ρ < r + c.
Thus, we have the map φ1 having the following properties:
(a) φ1 : X × Ĉ → Ĉ is a quasiconformal motion over X, that is, a
continuous family of quasiconformal maps parametrized by X;
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(b) for each p ∈ X and ζ ∈ ∂∆R, φ1(p, ζ[r/R, 1]) is a differentiable arc,
where ζ[a, b] (0 < a < b) is the closed line segment from ζa to ζb;
(c) φ1(p, z) = φ(p, z) for (p, z) ∈ X × E;
(d) φ1(p, z) = z if z ∈ ∆R \∆r.
Naturally, the map φ1 is considered in X ′ × Ĉ. The set of simple arcs
`(ξ, ζ) := φ1(ξ, ζI) for I = [0, 1] ⊂ R (ξ ∈ ∂X ′, ζ ∈ ∂∆R) is called the
“radial structure”in [25].
Lemma 6.1. {`(ξ, ζ) | ξ ∈ ∂X ′, ζ ∈ ∂∆R} has the following properties.
(1) `(ξ, ζ) is a differentiable arc connecting 0 and ζ;
(2) ∪|ζ|=R`(ξ, ζ) = ∆R for each ξ ∈ ∂X ′;
(3) `(ξ, ζ) ∩ `(ξ, ζ ′) = {0} if ζ 6= ζ ′;
(4) there exist ζ1, . . . , ζn on ∂∆R such that φ(ξ, zi) ∈ `(ξ, ζi) (i = 1, . . . , n)
for every ξ ∈ ∂X ′;
(5) for any ξ ∈ ∂X ′, `(ξ, ζ) ∩ ∆r = ζ[0, r], the line segment from 0 to
rζ;
(6) Let ξ′, ξ′′ be two distinct points on ∂X ′ corresponding to the same
point ξ in X. Then, `(ξ′, ζ) = `(ξ′′, ζ) for any ζ ∈ ∂∆R;
(7) there exist  > 0 and c > 0 such that the images of `(ξ, ζ)∩{|ζ−z| <
c} and `(ξ, ζ)∩{|rζ/R− z| < c} via φ1(ξ, ·) are in the Stoltz regions
at ζ and rζ/R for , respectively.
Proof. Obvious are (2), (3) and (7) from the construction. The statement
(5) is also easily verified because φ1(ξ, z) = z if z ∈ ∆r.
Taking ζi = ziR/|zi| (i = 1, . . . , n), we see that φ(ξ, zi) = φ1(ξ, zi) =
φ1(ξ, ζi(|zi|/R)) ∈ `(ξ, ζi). Hence we have (4). Now, we show (1).
Since Φ : X → M(C) is real analytic, X 3 x 7→ wΦ(x)(z) ∈ Ĉ is real
analytic on X for each z ∈ C. We also see from Proposition 4.1 (2) that
Φ(x) ∈M(C) ⊂ L∞(C) is real analytic in C\(E∪∂∆R). Therefore, wΦ(x)(z)
is real analytic with respect to z in C \ (E ∪ ∂∆R) (see [19]). Furthermore,
wΦ(x) is real analytic at every point of E since E is a finite set; we conclude
that wΦ(x) is real analytic except ∂∆R. Thus, we have shown (1).
The statement (6) is trivial because φ1(ξ
′, ·) = φ1(ξ, ·) = φ1(ξ′′, ·).

Step 3: A function space.
For a compact bordered Riemann surface S, let denote by AS the space
of holomorphic functions on a some neighborhood U of S. We define A(X ′)
by A∆ ◦ ϕ−1, where ϕ is a Riemann map given in Step 1. Note that X ′ is
simply connected and X ′∪∂X ′ is homeomorphic to ∆ via the Riemann map
ϕ : ∆→ X ′.
For each ζ ∈ ∂∆R, we define
(6.3) Fζ = {f ∈ A(X ′) | f(ξ) ∈ `(ξ, ζ) for every ξ ∈ ∂X ′},
and
(6.4) F = ∪ζ∈∂∆RFζ .
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Functions f ≡ 0, ≡ ζ and ≡ rζ/|ζ| are contained in Fζ for every ζ ∈ ∂∆R;
it follows from Lemma 6.1 (4) that φ(ϕ(·), ζi) ∈ Fζi (i = 1, . . . , n).
We denote by C
1
2 (∂∆) the space of complex valued Ho¨lder continuous
functions of exponent 12 , and by C
1
2
R (∂∆) its subspace of all real valued
functions.
One may find similar statement to the following lemma in [25] Lemma
1. 3; we give a different and an elementary proof.
Lemma 6.2. Fζ ◦ϕ and F ◦ϕ are regarded as compact subsets of C 12 (∂∆)
by considering boundary values. Moreover, the followings hold:
(1) If g ∈ Fζ and ‖g‖∞ = R, then g(p) ≡ ζ;
(2) if g ∈ Fζ and |g(p)| ≤ r for some p ∈ X, then g is a constant
function.
Proof. Since f ∈ A(X ′) is continuous on X ′∪∂X ′ and ϕ : ∆∪∂∆→ X∪∂X ′
is a Ho¨ler continuous function of exponent 12 by (6.1), we see that f ◦ϕ ∈ A∆
belongs to C
1
2 (∂∆). Thus, Fζ◦ϕ and F◦ϕ are in C 12 (∂∆). The compactness
of those spaces is easily verified.
Let g ∈ Fζ be a non-constant function with ‖g‖∞ = R. From (6.3) we
see that g◦ϕ(∂∆) ⊂ ∪ξ∈∂X′`(ξ, ζ) and g◦ϕ(∂∆)∩∂∆R = {ζ}. Hence, there
exists λ ∈ ∂∆ such that g(ϕ(λ)) = ζ.
Now, we recall that `(ξ, ζ) is the image of the line segment ζ[0, 1] via a
quasiconformal map φ1(ξ, ·) which keeps every point of ∂∆R fixed. From our
construction of the radial structures, we see that the angle between `(ξ, ζ)
and ∂∆R at ζ is greater than a positive constant  which is independent of ξ
(Lemma 6.1 (7)). Therefore, the angle between g(∂X) ⊂ ∪ξ∈∂X′`(ξ, ζ) and
∂∆R at ζ is greater than  > 0, and the angle of g ◦ ϕ(∂∆) at ζ is less than
pi − 2. This means that the order of g ◦ ϕ at λ is greater than one since
g ◦ϕ is holomorphic on ∂∆. Indeed, if the order is one, then (g ◦ϕ)′(λ) 6= 0
and g ◦ ϕ is conformal at λ; the angle of g ◦ ϕ(∂∆) at λ has to be pi.
Thus, there exists a point p′ ∈ X near p = ϕ−1(λ) such that |g(p′)| > R
and we have a contradiction. We complete the proof of (1).
To show (2), we first assume that there exists a non-constant function
g ∈ Fζ such that it has a zero in X ′ but not on ∂X ′.
Since the monodromy of φ1 is trivial, we see that for every closed curve γ
in X and for every x ∈ (0, ζ), φ1(γ, x) is freely homotopic to a trivial curve
in Ĉ\{0, 1,∞}. In particular, the winding number of the curve φ1(∂X ′, x) ⊂
∪ξ∈∂X′`(ξ, ζ) around the origin is zero.
Let us consider the winding number of a closed curve g(∂X ′) around the
origin. Since the function g belongs to Fζ , both g(ξ) and φ1(ξ, x) are on the
simple arc `(ξ, ζ) for every ξ ∈ ∂X ′. By moving g(ξ) to φ1(ξ, x) along `(ξ, ζ),
we have a homotopy between g(∂X ′) and φ1(∂X ′, x). Since φ1(∂X ′, x) does
not pass the origin, we conclude that the winding number of g(∂X ′) around
the origin is also zero. Hence, the holomorphic function g has a zero in X ′
by the argument principle and we have a contradiction.
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Therefore, if g ◦ ϕ has zeros in ∆, then it has a zero on ∂∆. Noting that
`(ξ, ζ) ∩ {|z| < r} = ζ[0, r/R) for every ξ ∈ ∂X ′ and ζ ∈ ∂∆R, we see that
g ◦ ϕ(∂∆) ∩ {|z| < r} = ζ[0, r/R].
Hence, the order of any zero of g ◦ ϕ on ∂∆ is even.
We note the following lemma:
Lemma 6.3. Let f be a holomorphic function in a neighborhood of an an-
alytic closed curve γ. Suppose that the order of any zeros of f on γ is
even and there exist a point z0 ∈ γ and a neighborhood U of z0 such that
f(γ ∩ U) ⊂ R≥0. Then, f(γ) ⊂ R≥0.
Proof. We may assume that γ = R and z0 = 0. Let I be the maximal
interval on R containing 0 such that f(z) ≥ 0 for every z ∈ I. The interval
I is obviously a closed interval. Suppose that I = [a, b] (a < 0 < b). If
f(a) = 0, then we have
f(z) = c(z − a)2n(1 +
∞∑
k=1
ck(z − a)k)
near z = a for some n ∈ N and a constant c. Since f(x) > 0 for x > a
sufficiently close to a, we have c > 0. Thus, we see that f(x) > 0 for x < a
sufficiently close to a. It contradicts the maximality of I.
If c0 := f(a) > 0, then we have
f(z) = c0 +
∞∑
k=1
ck(z − a)k
near z = a, say (a−, a+) for some  > 0. Since f(x) > 0 for a < x < a+,
we see that c1 = f
′(a) ∈ R. We also verify that f ′(x) is real in [a, a + )
because f(x) is real there. Thus, c2 = f
′′(a)/2 is real. The same argument
yields that ck is a real number for any k ∈ N. Hence, f is real valued
in a neighborhood of a on R. From the continuity of f , we conclude that
f(x) > 0 near x = a. This contradicts the maximality of I.
The same argument works for b and we conclude that I = γ. 
Applying Lemma 6.3 for γ = ∂∆ and ζ−1(g ◦ ϕ), we see that Im ζ−1(g ◦
ϕ) ≡ 0 on ∂∆ and we have a contradiction. Thus g ≡ 0.
Next, we suppose that 0 < min{|g(p)| | p ∈ X ′} < r. Let q0 be a point
in X ′ with |g(q0)| = min{|g(p)| | p ∈ X ′}. Applying the maximum principle
to g−1, we verify that q0 is on ∂X ′. By the same argument as above, we
see that the order of g at q0 is even. Hence, if g is not a constant, then
there exists a point p′ ∈ X ′ near q0 such that |g(p′)| < |g(q0)| and we have
a contradiction.
Finally, we suppose that min{|g(p)| | p ∈ X ′} = r. Let q0 ∈ X ′ be a point
with |g(q0)| = r. By using the maximum principle again, we see that q0 is on
∂X ′. Since g ∈ Fζ , we have g(q0) = rζ/|ζ|. We may use the same argument
as in the proof of (1) for g and for ∂∆r. Then, we conclude that the angle
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between g(∂X ′) and ∂∆r is strictly positive at rζ/|ζ| and the order of g at
q0 is more that one. Hence, we see that there exists a point p
′ ∈ X ′ near
q0 such that |g(p′)| < r = |g(q0)|. It is a contradiction and we complete the
proof of (2). 
Step 4: Differential equations.
Since X ′ and ∂X ′ are identified with ∆ and ∂∆, respectively, we may
discuss our argument in ∆ ∪ ∂∆ instead of X ′ ∪ ∂X ′. In this step, we will
make our discussion in ∆ ∪ ∂∆ for the sake of simplicity.
For any (ξ, z) ∈ ∂∆ ×∆R(' ∂X ′ ×∆R), there exists a unique ζ ∈ ∂∆R
such that `(ξ, ζ) 3 z. Since `(ξ, ζ) ∩ (∆R \ ∆r) is differentiable, we may
consider the unit tangent vector of `(ξ, ζ) at z ∈ `(ξ, ζ) with r ≤ |z| ≤ R,
where we parametrize the curve `(ξ, ζ) by the length parameter from ζ ∈
∂∆R.
We denote by τ(ξ, z) the unit tangent vector of `(ξ, ζ) at z ∈ `(ξ, ζ).
Hence, the parametrization z(t) of `(ξ, ζ) satisfies a differential equation:
(6.5)
d
dt
z(t) = τ(ξ, z(t)).
We see that there exists a differentiable map α : ∂∆ × (∆R \ ∆r) → R
such that
(6.6) τ(ξ, z) =
z
|z|e
iα(ξ,z).
Indeed, for every ζ ∈ ∂∆R, arg τ(ξ, ζ)ζ−1 is in (−pi/2.pi/2). Thus, a map
∂∆× ∂∆R 3 (ξ, ζ) 7→ ζ−1τ(ξ, ζ)/R ∈ ∂∆
is homotopic to a constant map. A continuity argument guarantees us the
existence of the function α. In fact, α is unique up to an additive constant
2npi (n ∈ Z).
We may take δ > 0 so small that τ is extended to a differentiable map on
∂∆× (∆R+δ \∆r). It is possible by our concrete construction of φ1 in Step
2.
We put
(6.7) U := {g ∈ C 12 (∂∆) ∩A∆ | r < |g(λ)| < R+ δ for all λ ∈ ∆}.
U is an open subset of C 12 (∂∆) ∩A∆.
Let β(g)(ξ) = α(ξ, g(ξ)) for ξ ∈ ∂∆ and for g ∈ U . Then we define a map
(6.8) F (g) = g exp{−T [β(g)] + iP [β(g)]}
for g ∈ U , where P [f ] is the Poisson integral of a real-valued continuous
function f on ∂∆ and T [f ] is the Hilbert transform of f , that is, T [f ](z) is
the conjugate harmonic function of P [f ] with T [f ](0) = 0. Then, we show
the following:
Lemma 6.4. F (U) ⊂ C 12 (∂∆) ∩A∆ and F is locally Lipschitz on U .
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Proof. Let g ∈ U . Then, F (g) gives a holomorphic function on ∆. It follows
from a property of the Hilbert transform that F (g) belongs to C
1
2 (∂∆) (cf.
[7] Theorem 5.8). Hence, F (U) ⊂ C 12 (∂∆) ∩A∆.
Since α is differentiable, so is β. Thus, a compactness argument shows
that F is locally Lipschitz on U . 
Here, we consider a differential equation:
(6.9)
dgt
dt
= F (gt), gt0 = g0 ∈ U .
By the standard fact on ordinary differential equations(cf. [5] Chapter X),
we see that for any initial value gt0 ∈ U the differential equation (6.9) has a
unique solution gt ∈ U in some interval (a0, b0) with a0 < t0 < b0.
If g0 ∈ Fζ for some ζ ∈ ∂∆R, then gt ∈ Fζ as long as r < minλ∈∆ |gt(λ)| ≤
‖gt‖∞ ≤ R. Indeed, from (6.8) and (6.9) we have for each ξ ∈ ∂∆
d
dt
gt(ξ) = F (gt(ξ)) = gt(ξ) exp{−T (β(gt(ξ))) + iP (β(gt(ξ)))}
= gt(ξ) exp{−T (α(ξ, gt(ξ)) + iP (α(ξ, gt(ξ)))}
=
gt(ξ)
|gt(ξ)| |F (gt(ξ))| exp{iP (α(ξ, gt(ξ)))}.
Noting that P (f)(ξ) = f(ξ) for a continuous function f on ∂∆, we obtain
d
dt
gt(ξ) = |F (gt(ξ))|τ(ξ, gt(ξ)).
Therefore, for each ξ ∈ ∂∆, the function uξ(t) := gt(ξ) is a solution of
(6.10)
d
dt
u = |F (u)|τ(ξ, u).
Comparing (6.5) and (6.10), we verify that gt(ξ) ∈ `(ξ, ζ) if g0(ξ) ∈ `(ξ, ζ)
for ξ ∈ ∂∆. If |gt(λ)| ≤ r, then it follows from Lemma 6.2 (2) that gt is a
constant function which does not belong to U .
Let I be the largest interval where gt exists and belongs to Fζ ∩U . Then,
I = (a, b] for some a, b ∈ R. From the maximality of I, we have
(1) gb(ξ) = ζ for every ξ ∈ ∂∆;
(2) limt→α+ gt(ξ) = rζ/|ζ| for every ξ ∈ ∂∆.
Thus, we verify that
(6.11) the map I 3 t 7→ gt(ξ) ∈ `(ξ, ζ) ∩ (∆R \∆r) is a homeomorphism.
Step 5: Extension.
Let (λ, z) be in ∆× (∆R \∆r). Since ∪ζ∈∂∆R`(ξ, ζ) = ∆R (ξ ∈ ∂∆) and
`(ξ, ζ) ∩ `(ξ, ζ ′) = {0} if ζ 6= ζ ′, there exists a unique ζ ∈ ∂∆R such that
z ∈ `(1, ζ).
We consider the initial value problem of (6.9) for g0 ≡ ζ ∈ Fζ ∩ U . From
the result in Step 4, gt belongs to Fζ for t ∈ I and there exists a unique
t(z) ∈ I such that gt(z)(1) = z ∈ `(1, ζ) ∩ (∆R \∆r).
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Thus, we have gt(z) ∈ Fζ with gt(z)(1) = z. If g∗ be a function of Fζ with
g∗(1) = z, then we consider the initial value problem of (6.9) for gt0 = g∗.
Take the largest interval I∗ = (α∗, β∗] for the problem as in Step 4. Then,
g∗β∗ ≡ ζ. From the uniqueness of the initial value problem, we verify that
g∗ = gt(z).
Therefore, we have the following.
Lemma 6.5. For each z ∈ ∆R \∆r, there exists a unique ζ ∈ ∂∆R and a
unique g := gt(z) ∈ Fζ such that g(1) = z.
Let z, z′ be two distinct points in ∆R \∆r. Then, there exist ζ, ζ ′ ∈ ∂∆
such that z ∈ `(1, ζ) and z′ ∈ `(1, ζ ′). Hence, gt(z) ∈ Fζ and gt(z′) ∈ Fζ′ .
We show that gt(z)(ξ) 6= gt(z′)(ξ) for any ξ ∈ ∂∆.
From the definition of F , gt(z)(ξ) ∈ `(ξ, ζ) and gt(z′)(ξ) ∈ `(ξ, ζ ′). If ζ 6= ζ ′,
then gt(z)(ξ) 6= gt(z′)(ξ) for any ξ ∈ ∂∆ because `(ξ, ζ) ∩ `(ξ, ζ ′) = {0} and
gt(z)(ξ), gt(z′)(ξ) 6= 0.
If ζ = ζ ′, then both gt(z)(ξ) and gt(z′)(ξ) are on the same curve `(ξ, ζ).
However, t(z) 6= t(z′). Thus, it follows from (6.11) that gt(z)(ξ) 6= gt(z′)(ξ)
for ξ ∈ ∂∆.
We put Gz,z′ := gt(z) − gt(z′). The above argument shows that Gz,z′ is
a non-vanishing continuous function on ∂∆ for each (z, z′) ∈ (∆R \∆r)2 −
{diagonals} and it is continuous with respect to (z, z′). Hence, the wind-
ing number of Gz,z′(∂∆) around the origin is independent of (z, z
′). From
Lemma 6.2 (1), we have gt(ζ) ≡ ζ ∈ ∂∆R. Thus, we see that the winding
number of Gζ,z′(∂∆) = ζ − gt(z′)(∂∆) around the origin has to be zero since
gt(z′)(∆) ⊂ ∆R and gt(z′)(∂∆) 63 ζ if z′ ∈ ∆R. Obviously, the winding num-
ber of Gζ,z′(∂∆) = ζ−gt(z′)(∂∆) around the origin is zero when z′ = ζ ′(6= ζ)
is on ∂∆R. It follows from the argument principle that gt(z)− gt(z′) does not
have zeros in ∆ if z 6= z′. Therefore, the map
∆R \∆r 3 z 7→ gt(z)(λ) ∈ ∆R \∆r
is injective and continuous for each λ ∈ ∆.
Now, we define a map Ψλ : Ĉ→ Ĉ for each λ ∈ ∆ by
(6.12) Ψλ(z) =
{
gt(z)(λ), z ∈ ∆R \∆r
z, otherwise.
As we have noted above, Ψλ is a homeomorphism on Ĉ for each λ ∈ ∆;
we define
(6.13) φ̂(p, z) = Ψϕ−1(p) ◦Ψ−10 (z)
for p ∈ X ′. We see that φ̂ is a holomorphic motion of Ĉ over X ′.
Indeed, for the basepoint p0 ∈ X ′, we have
φ̂(p0, z) = Ψ0(Ψ
−1
0 (z)) = z
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as ϕ−1(p0) = 0. It is obvious that φ̂(p, ·) is a homeomorphism for each
p ∈ X ′.
If z is in ∆R \∆r, then we have
φ̂(p, z) = gt(z0)(ϕ
−1(p)),
where z0 is the point in ∆R \ ∆r with Ψ0(z) = z0: φˆ(p, z) is holomorphic
with respect to p ∈ X ′.
If z is not in ∆R \ ∆r, then φ̂(p, z) = z. Thus, we see that φ̂(·, z) is
holomorphic in X ′ and we verify that φ̂ is a holomorphic motion of Ĉ over
X ′.
Finally, we see that φ̂(p, ·) agrees with φ(p, ·) on E = {0, 1,∞, z1, z2, . . . , zn}
for any p ∈ X ′. For zj ∈ E (j = 1, 2, . . . , n), there exists ζj ∈ ∂∆R such that
φ(ϕ(·), zj) ∈ Fζj (see Lemma 6.1 (4)). In particular, ωj := φ(ϕ(1), zj) is on
`(ϕ(1), ζj) by the definition of Fζj , where ϕ : ∆→ X ′ is the Riemann map
given in Step 1. Since both gt(ωj) and φ(ϕ(·), zj) belong to Fζj and take the
same value ωj at 1, it follows from the uniqueness of Lemma 6.5 that
φ(ϕ(·), zj) = gt(ωj)(·)
on ∆. Hence, we have
(6.14) φ(ϕ(λ), zj) = gt(ωj)(λ) = Ψλ(ωj) = Ψλ(φ(1, zj))
and
(6.15) Ψ0(φ(1, zj)) = φ(p0, zj) = zj .
Therefore, we conclude from (6.14) and (6.15) that
(6.16) φ̂(p, zj) = Ψλ(Ψ
−1
0 (zj)) = Ψλ(φ(1, zj)) = φ(p, zj), (λ = ϕ
−1(p))
for p ∈ X ′ (j = 1, 2, . . . , n). That is, both holomorphic motions agree at E.
Step 6 : Getting a holomorphic motion over the whole Riemann
surface X.
In Step 5, we obtain a holomorphic motion φ̂ : X ′ × Ĉ → Ĉ. Now, we
show that φ̂ becomes a holomorphic motion of Ĉ over X.
Let ξ+, ξ− be two points on ∂X ′ coming from the same point ξ in X (see
Figure 2) and z be a point in ∆R \ ∆r. There exists a unique ζ ∈ ∂∆R
such that z is on `(1, ζ). We find a function gt(z) ∈ Fζ appearing in (6.12)
is the function in flow {gt}t∈I at time t = t(z) such that gt(z)(1) = z. It is
obtained from the solution of the differential equation (6.9) for the initial
value g0 ≡ ζ.
We also see that I 3 t 7→ gt(ξ±) ∈ `(ξ±, ζ) gives homeomorphisms of I
onto `(ξ±, ζ) which are simple arcs from ζ to rζ/|ζ|. On the other hand, from
Lemma 6.1 (6), we have `(ξ+, ζ) = `(ξ−, ζ) for any ζ ∈ ∂∆R. Hence, both
t 7→ gt(ξ+) and t 7→ gt(ξ−) are solutions of the same differential equation
with the same initial value ζ. Thus, gt(ξ
+) = gt(ξ
−) for every t ∈ I. In
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particular, gt(z)(ξ
+) = gt(z)(ξ
−). We verify that gt(z)(ξ) := gt(z)(ξ±) is well
defined; φ̂(·, z) is a continuous function on X.
For each z ∈ Ĉ, X 3 p 7→ φ̂(p, z) is continuous on X and holomorphic on
X ′ = X\∪ki=1αi. Since αi (i = 1, 2, . . . , k) are analytic curves, it follows from
a fundamental result of complex analysis that φ̂(·, z) must be a holomorphic
function on X. Hence, we have obtained a desired holomorphic motion φ̂ of
Ĉ over X which extends φ. We have completed the proof of the theorem.
7. Proof of Theorem II
We prove both statements (1) and (2) by constructing examples.
Let E be {0, 1,∞, z0, z1, . . . , zn}. We consider a condition for the mon-
odromy of a holomorphic motion of E to be trivial.
Lemma 7.1. Let f be a holomorphic function on a Riemann surface X with
a basepoint p0 such that f(X) ∩ (E \ {z0}) = ∅ and f(p0) = z0. Let φf be a
holomorphic motion of E over X defined by
(7.1) φf (p, z) =
{
z, (z ∈ E \ {z0}),
f(p), (z = z0).
Then, the monodromy of φf is trivial if and only if for any closed curve γ
in X,f(γ) is homotopic to the trivial curve in C \ {0, 1, z1, . . . , zn}.
Proof. It is obvious that φf is a holomorphic motion of E over X.
To consider the monodromy of φf , we take a closed curve γ on X passing
through p0 and the lift γ˜ of γ to the universal covering ∆ of X. For the
universal covering map pi : ∆→ X, γ˜ is a simple arc connecting two points
ζ0, ζ1 ∈ pi−1(p0).
By restricting the holomorphic motion φ˜f (·, z) := φf (pi(·), z) (z ∈ E) to a
simply connected neighborhood U of γ˜ in H, we have a holomorphic motion
φ˜f |U of E over U with basepoint ζ0. Since U is a simply connected domain
which is conformally equivalent to the unit disk ∆, it follows from Theorem
2.1 (2), φ˜f |U is extended to a holomorphic motion, say φˆU , of Ĉ over U .
We have a continuous family {ϕt}0≤t≤1 by ϕt(z) = φˆU (γ˜(t), z), where γ˜(t)
is a parametrization of γ˜ with γ˜(0) = ζ0 and γ˜(1) = ζ1. Moreover, each ϕt
is a quasiconformal self-map of Ĉ and ϕ0 = id. The map ϕ1 determines the
monodromy for γ.
Since ϕt fixes each point of E \ {w0}, {ϕt}0≤t≤1 gives a homotopy be-
tween ϕ0 = id and ϕ1. Therefore, ϕ1 is homotopic to the identity in
C \ {0, 1, z1 . . . , zn}. Thus, it follows from [15] that ϕ1 is homotopic to the
identity on Ĉ \ E rel E if and only if ∪t∈[0,1]ϕt(z0) = φ(pi(γ˜(t)), z0) = f(γ)
is homotopic to the trivial curve. 
Proof of (1). We take closed curves γ0, γ1 as in Figure 3 and put
γ = γ1γ0γ
−1
1 γ
−1
0 . The curve γ represents a non-trivial element of pi1(C \
{0, 1, z1, . . . , zn}, z0).
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Figure 3
For a parametrization γ(t) (0 ≤ t ≤ 1) of γ with γ(0) = γ(1) = w0, we
have
(7.2)
∫
γ
darg(w − 1) =
∫
γ
dargw = 0.
Let Γ be a Fuchsian group acting on ∆ such that ∆/Γ = C\{0, 1, z1, . . . , zn}.
Take g ∈ Γ corresponding to γ. Then, g is a hyperbolic Mo¨bius transforma-
tion and A := ∆/ < g >= {1 < |λ| < R} is an annulus for some R > 1; we
have a holomorphic covering map pig : A → C \ {0, 1, z1, . . . , zn}. We take
λ0 ∈ A so that pig(λ0) = z0.
We take the point λ0 ∈ A as a basepoint and define a map φ : A×E → Ĉ
by
(7.3) φ(λ, z) =
{
z, (z = 0, 1,∞, z1, . . . , zn)
pig(λ), (z = z0).
It is easy to see that φ is a holomorphic motion of E over the Riemann
surface A.
Consider α = {|λ| = |λ0|} ⊂ A. Then, φ(α, z0) is a closed curve in
C \ {0, 1} homotopic to γ. It follows from (7.2) that
n(α; z, z′) = 0
for any distinct points z, z′ in E.
Since the homotopy class of α generates pi1(A, λ0), the holomorphic mo-
tion φ satisfies Chirka’s condition. However, Lemma 7.1 implies that the
monodromy of φ is not trivial. Hence, the holomorphic motion φ cannot
be extended to a holomorphic motion of Ĉ over A and we obtain a desired
example.
Proof of (2). The proof of (2) is done by using the same idea as in the
proof of (1), but it is a bit complicated.
If the set E consists of four points, then the above example constructed
in (1) for n = 0 is a desired one because any holomorphic motion of three
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Figure 4
points can be extended to a holomorphic motion of Ĉ. Therefore, we may
assume that n ≥ 1.
For E = {0, 1,∞, z0, z1, . . . , zn}, we take γ0, γ1, . . . , γn+1 in Figure 4.
The homotopy classes of them are generators of a free group Fn+2 := pi1(Ĉ\
(E \ {z0}), z0).
We put
β = γ0γ1 . . . γn+1.
We define a sequence of closed curves, γ˜1, γ˜2, . . . , γ˜n+1 by
(7.4) γ˜1 = [γ0, γ1], and γ˜j = [γj , γ˜j−1] (j = 2, . . . , n+ 1)
where [a, b] = aba−1b−1.
Obviously, each of them represents a non-trivial element in Fn+2. Then,
we put
(7.5) γ = [β, γ˜n+1].
The curve γ also represents a non-trivial element in Fn+2. Indeed, from
the definition we have
γ = βγ˜n+1β
−1γ˜−1n+1 = γ0γ1 . . . γn+1γ˜n+1γ
−1
n+1 . . . γ
−1
1 γ
−1
0 γ˜
−1
n+1
= γ0γ1 . . . γn+1γn+1γ˜nγ
−1
n+1γ˜
−1
n γ
−1
n+1 . . . γ
−1
1 γ
−1
0 γ˜nγn+1γ˜
−1
n γ
−1
n+1.
Since γ˜n = γnγ˜n−1γ−1n γ˜
−1
n−1, there is not a reduction in γ
−1
0 γ˜n appearing at
the last 3rd and 4th positions in the above word of γ. Hence, we verify that
γ represents a non-trivial element in Fn+2.
If we remove all γ±j for the word of γ, then we have the trivial element
since γ˜j becomes trivial and all of γ˜i (i = j + 1, . . . , n + 1) become trivial.
We see that γ has the following property:
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(A): if we remove γ±1j from the word of γ (j = 0, 1, 2, . . . or n + 1),
then we obtain the trivial element.
Now, we consider a Fuchsian group Γn acting on ∆ such that ∆/Γn =
C \ {0, 1, z1, . . . , zn}, which is isomorphic to Fn+2. Take g ∈ Γn which
corresponds to γ. The quotient space ∆/ < g > is an annulus A = {1 <
|λ| < R} for some R > 1. We denote by pig : A → C \ {0, 1, z1, . . . , zn} the
canonical projection and take λ0 ∈ A with pig(λ0) = z0 as a basepoint. Take
a circle α := {|λ| = |λ0|} ⊂ A.
We define a holomorphic motion φ : A×E → Ĉ over the Riemann surface
A by
φ(λ, z) =
{
z, (z = 0, 1, z1, . . . , zn)
pig(λ), (z = z0).
Since the curve γ represents a non-trivial element in Fn+2, we verify that
the monodromy of φ for α is not trivial because of the same reason as in
(1). Therefore, φ cannot be extended to a holomorphic motion of Ĉ over A.
Let E′ be a proper subset of E. We see that φ|E′ is extended to a
holomorphic motion of E′ over A. It suffices to show that the monodromy
of φ|E′ is trivial.
If E′ does not contain z0, then the monodromy of φ|E′ is trivial because
φ(λ, z) = z for any λ ∈ A and for any z ∈ E′.
Suppose that E′ contains z0. Since E′ consists of at most (n+ 3) points
containing z0, it does not contain at least one point in {0, 1,∞, z1, . . . , zn}.
If E′ 63 ∞, then the curve β is trivial because it surrounds ∞. Hence,
γ(= [β, γ˜n+1]) represents the trivial element of pi1(Ĉ \ (E′ \ {z0}), z0).
If E′ 63 z ∈ {0, 1, z1, . . . , zn+1}, then some γj surrounding z becomes triv-
ial. Hence, from the property (A), we verify that the curve γ also represents
the trivial element of pi1(Ĉ \ (E′ \ {z0}), z0).
Thus, in any case, we see that γ represents the trivial element of pi1(Ĉ \
(E′\{z0}), z0); a closed curve γα := φ(α, z0) is homotopic to the trivial curve
in pi1(Ĉ \ (E′ \ {z0}), z0) since γα is homotopic to γ from the construction of
the Riemann surface A. From Lemma 7.1, we verify that the monodromy
of φ|E′ is trivial for any E′.
8. Proof of Theorem III
We may obtain Theorem III from Theorem I. It is done by following the
argument of Earle-Kra-Krushkal [8]. For readers’ convenience, we will give
a sketch of the proof.
Let G be a subgroup of Mo¨b(C) and E be a G-invariant subgroup of Ĉ.
As in Theorem I, we to show that if the monodromy of a G-equivariant
holomorphic motion φ of E over X is trivial, then it is extended to a G-
equivariant holomorphic motion of Ĉ over X.
For simplicity, we assume that G is torsion free. First of all, we may
assume that E is a closed subset of Ĉ because of the λ-lemma. Hence, E
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contains the set of all fixed points of G since a fixed point of any g ∈ G is
either an attracting or a repelling fixed point of g.
Let φ : X × E → Ĉ be a G-equivariant holomorphic motion of E over
X satisfying (2.2). Then, since {θp}p∈X is a holomorphic family of isomor-
phisms of G obtained by quasiconformal maps, every θp is a type-preserving
isomorphism.
Take a point z0 in E
c. Then, there exists a holomorphic motion φ0 :
X×(E∪{z0})→ Ĉ which extends φ. Indeed, it follows from Theorem I that
we have a holomorphic motion of Ĉ over X which extends φ. By restricting
the holomorphic motion to E∪{z0}, we have the desired holomorphic motion
φ0.
Now, we define a map φ̂0 on X × (E ∪G(z0)) by
(8.1) φ̂0(p, z) =
{
φ0(p, z), z ∈ E ∪ {z0}
θp(g)(φ0(p, z0)), z = g(z0).
We will show that φ̂0 is a G-equivariant holomorphic motion of E ∪G(z0).
Since θpo(g) = g for g ∈ G, we have φ̂0(p0, ·) = id on E ∪ G(z0). It is
also obvious that φ̂0(·, z) is holomorphic on X. We show the injectivity of
φ̂0(p, ·).
From the G-invariance of E, we see that E ∩ G(z0) = ∅ and φ̂0(p, ·) is
injective on E. Suppose that φ̂0(p, z) = φ̂0(p, g(z0) for some z ∈ E and
g ∈ G. Then we have
(8.2) φ0(p, z) = θp(g)(φ0(p, z0)).
However, from the G-invariance of E we have
φ0(p,E) = φ0(p,G(E)) = θp(G)(φ0(p,E)).
Hence, φ0(p,E) is θ(G) invariant. Since φ0(p, z0) is not in φ0(p,E), it con-
tradicts (8.2).
Finally, suppose that φ̂0(p, g1(z0)) = φ̂0(p, g2(z0)) for g1, g2 ∈ G. Then,
we have
θp(g1)(φ0(p, z0)) = θp(g2)(φ0(p, z0)).
If g1 6= g2, then φ0(p, z0) is a fixed point of θp(g−11 ◦ g2). However, this
implies that φ0(p, z0) is contained in φ0(p,E) which is φ(p,E), and we have
a contradiction since φ0(p, ·) is injective on E ∪ {z0}. Thus, we have shown
that φ̂0 is a holomorphic motion of E ∪G(z0). The G-equivariance of φ̂0 is
trivial from (8.1).
By repeating this procedure, we obtain a G-equivariant holomorphic mo-
tion φ̂∞ of a countable dense subset E∞ of Ĉ over X. It follows from the
λ-lemma that φ̂∞ is extended to a holomorphic motion of Ĉ, the closure
of E∞. It is also easy to verify that the extended holomorphic motion is
G-equivariant. Thus, we have completed the proof of Theorem III.
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9. Applications.
9.1. Topological conditions for the extendability of holomorphic
motions. A map φ : M × E → Ĉ is called a continuous motion of E over
M if it satisfies the conditions (1), (2) in Definition 2.1 and
(3’) φ is continuous in M ×E and for each p ∈M , φ(p, ·) is a homeomor-
phism from E onto its image.
The concept of the monodromy of holomorphic motions is topological.
Hence, immediately we have the following.
Theorem IV. Let φ : X × E → Ĉ be a holomorphic motion of E over a
Riemann surface X. Suppose that φ is extended to a continuous motion of
Ĉ over X. Then,
(1) the holomorphic motion φ is extended to a holomorphic motion of Ĉ
over X;
(2) if φ is G-equivariant for a subgroup G of Mo¨b(C), then it is extended
to a G-equivariant holomorphic motion of Ĉ over X.
Remark 9.1. (1) In the second statement, we do not assume that the
extended continuous motion is G-equivariant.
(2) Gardiner, Jiang and Wang [11] announce that if a holomorphic mo-
tion φ : X × E → Ĉ has a guiding quasiconformal isotopy, then φ
is extended to a holomorphic motion of Ĉ over X which extends φ.
A guiding isotopy is a continuous motion with a quasiconformal na-
ture (see [11] for the precise definition). Hence, Theorem IV confirms
their result.
Now, we consider the triviality of the monodromy. In general, it is not
easy to see if the monodromy of a holomorphic motion is trivial or not.
However, under a certain condition the monodromy becomes automatically
trivial (cf. [2] Lemma 8.1).
Proposition 9.1. Let E ⊂ Ĉ be a closed set and w : Ĉ→ Ĉ be a quasicon-
formal homeomorphism fixing each point of E. Suppose that E is connected.
Then, w is homotopic to the identity rel E.
A discrete subgroup of Mo¨b(C) is called a Kleinian group. The limit set
Λ(G) of a Kleinian group G is defined by the closure of the set of fixed
points of elements of G with infinite order. The limit set Λ(G) of G is
closed and invariant under the action of G. A Kleinian group G is called
non-elementary if the limit set Λ(G) contains more than two points.
From Theorems I, III and Proposition 9.1, immediately we have
Corollary 9.1. Let φ : X × E → Ĉ be a holomorphic motion of E over a
Riemann surface X. Suppose that E is connected. Then, φ can be extended
to a holomorphic motion of Ĉ over X.
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Furthermore, if the holomorphic motion φ is G-equivariant for a sub-
group G of Mo¨b(C), then the holomorphic motion can be extended to a G-
equivariant holomorphic motion of Ĉ over X.
Remark 9.2. If the limit set Λ(G) of a non-elementary Kleinian group G
is not connected, then there is a G-equivariant holomorphic motion of Λ(G)
over the punctured disk ∆∗ := {0 < |z| < 1} which cannot be extended to a
holomorphic motion of Ĉ over ∆∗ ([23] Theorem II).
9.2. A geometric condition for the extendability of holomorphic
motions. Let E = {0, 1,∞, z1, . . . , zn} be a finite subset of (n + 3) points
in Ĉ. On the Riemann surface SE := Ĉ \ E, we may define the hyperbolic
metric which is the projection of the hyperbolic metric (1− |z|2)−1|dz| of
the unit disk, the universal covering of SE .
For the set E, we consider the following quantity:
(9.1) L(E) = min
{
log(2 +
√
5),
1
2
log
((
`(E)
pi
)2
+ 1
)}
,
where `(E) is the minimal length of non-trivial and non-peripheral closed
curves in SE with respect to the hyperbolic metric on SE . Then, we have
the following.
Theorem V. Let X be a hyperbolic Riemann surface with a basepoint p0.
Suppose that the fundamental group pi1(X, p0) is of finitely generated and
there exist closed curves γ1, γ2, . . . , γm passing though p0 such that the ho-
motopy classes of those curves generate pi1(X, p0) and
(9.2) `(γj) < L(E) (j = 1, 2, . . . ,m)
hold, where `(γ) is the hyperbolic length of a curve γ ⊂ X. Then, every
holomorphic motion φ : X × E → Ĉ of E over X can be extended to a
holomorphic motion of Ĉ over E.
Proof. Let φ : X × E → Ĉ be a holomorphic motion of E over a Riemann
surface X satisfying (9.2). From Theorem I, it suffices to show that the
monodromy of φ is trivial. Since the triviality of the monodromy is the
triviality of a homomorphism from pi1(X, p0) to Mod(0, n+ 3), it is enough
to show that each γj (j = 1, 2, . . . ,m) gives the identity of Mod(0, n + 3).
To show it, we consider the action of the pure mapping class group, which
is a subgroup of Mod(0, n+ 3), on the Teichmu¨ller space Teich(SE).
Let PMod(0, n+3) denote a subgroup of mapping classes in Mod(0, n+3)
whose representatives are quasiconformal maps of Ĉ fixing each point of E.
The subgroup PMod(0, n + 3) is called the pure mapping class group. We
consider the infimum of translation lengths of PMod(0, n + 3) of P0 :=
[SE , id] ∈ Teich(SE). That is,
(9.3) rE = inf{dT (P0, χ(P0)) : χ ∈ PMod(0, n+ 3) \ {id}},
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where dT is the Teichmu¨ller distance defined in §2. Then, we have shown
the following.
Proposition 9.2 ( ([22] Theorem 2.1) ).
L(E) ≤ rE .
Let Γ be a Fuchsian group on ∆ which represents X. For the natural
projection pi : ∆→ ∆/Γ = X, the map φ˜(λ, z) := φ(pi(λ), z) (λ ∈ ∆, z ∈ E)
defines a holomorphic motion of E over ∆. We see from Proposition 3.2
that there exists a holomorphic map Φ : ∆ → Teich(SE) such that Φ(λ)
gives Ĉ \ φ˜(pi(λ), E) as a point in Teich(SE) for any λ ∈ ∆.
We may take 0 ∈ ∆ so that pi(0) = p0 ∈ X. Then, we have Φ(0) = P0. Let
γ˜j be a lift of γj on ∆ which begins at 0 (j = 1, 2, . . . ,m). Then, there exists
gj ∈ Γ such that gj(0) is the end point of γ˜j . Since pi(gj(0)) = pi(0) = p0,
we have φ˜(gj(0), z) = φ˜(0, z) = z for any z ∈ E. Hence, there exists
χj ∈ PMod(0, n+ 3) such that
Φ(gj(0)) = χj(Φ(0)) = χj(P0).
The Teichmu¨ller distance is the Kobayashi distance. It follows from the
distance decreasing property of the Kobayashi distance (cf. [14]) that
(9.4) dT (P0, χj(P0)) = dT (Φ(0),Φ(gj(0))) ≤ d∆(0, gj(0)),
where d∆ is the hyperbolic distance in ∆, which is the Kobayashi distance
of ∆.
On the other hand, since γ˜j is an arc from 0 to gj(0), we have
(9.5) `(γj) ≥ d∆(0, gj(0)).
Combining (9.2), (9.4), (9.5) and Proposition 9.2, we have
dT (P0, χj(P0)) ≤ `(γj) < L(E) ≤ rE
for each j (1 ≤ j ≤ m). Therefore, we conclude that χj = id for every j (j =
1, 2, . . . ,m) because of (9.3). Thus, we have proved that the monodromy of
the holomorphic motion φ is trivial.

Let A be an annulus {1 < |λ| < R} (R > 1). Then, the curve α := {|λ| =√
R} is the shortest closed curve with respect to the hyperbolic metric on A
which generates the fundamental group of A. It is not hard to see that the
hyperbolic length of α is pi2/ logR. Hence, from Theorem V we have the
following.
Corollary 9.2. Let E be a finite set in Ĉ and A = {1 < |λ| < R} be an
annulus with a basepoint p0 =
√
R. Suppose that
R > exp
{
pi2
L(E)
}
.
Then, any holomorphic motion of E over A is extended to a holomorphic
motion of Ĉ over A.
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9.3. Lifting problems. As we have seen in §3.1, there is a surjective map
from the space of Beltrami coefficients to the Teichmu¨ller space. The Douady-
Earle section in §3.2 gives the inverse map of the surjective map; however,
the section is not holomorphic.
It is known that there exists no holomorphic inverses on the Teichmu¨ller
space. We show that any holomorphic map from a Riemann surface to
the Teichmu¨ller space can be lifted to a holomorphic map to the space of
Beltrami coefficients. We consider the problem for two kinds of Teichmu¨ller
spaces, Teichmu¨ller space of a Riemann surface and that of a closed set,
separately.
Teichmu¨ller space of a Riemann surface. Let S be a hyperbolic Rie-
mann surface represented by a Fuchsian group Γ on ∆. Let piΓ : Belt(Γ)→
Teich(S) be the holomorphic projection defined in §3.1. Then, we have the
following.
Theorem VI. Let F : X → Teich(S) be a holomorphic map from a Rie-
mann surface X to the Teichmu¨ller space Teich(S) of a Riemann surface
S represented by a Fuchsian group Γ on ∆. Then, there exists a holomor-
phic map F˜ from X to Belt(Γ) which satisfies the following commutative
diagram.
Belt(Γ)
piΓ

X
F˜
;;
F
// Teic(S)
Proof. To prove the theorem, we introduce the Bers embedding of Teich(S)
(cf. [12]).
For each µ ∈ Belt(Γ), we put
(9.6) µ˜(z) =
{
µ(z), (z ∈ ∆)
0, (z ∈ ∆c).
Then, the function µ˜ belongs to M(C), the space of Beltrami coefficients on
C. Moreover, it is Γ-compatible, namely, it satisfies
µ˜(γ(z))
γ′(z)
γ′(z)
= µ˜(z)
almost everywhere in C.
We take a quasiconformal map fµ on Ĉ for µ˜. The map is a solution of
the Beltrami equation
∂f = µ˜∂f
in C. From the definition (9.6), the map fµ is conformal in ∆c. We normalize
fµ by
fµ(z) = z +O
(
1
z
)
as z →∞. We see that fµ is uniquely determined by µ.
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Since µ˜ is Γ-compatible, there exists an isomorphism Θµ : Γ → Mo¨b(C)
such that
(9.7) fµ(γ(z)) = Θµ(γ)(f
µ(z))
holds for every γ ∈ Γ and for every z ∈ C. It is known that fµ and
the isomorphism Θµ depend only on [µ]Γ ∈ Teich(S). Therefore, we may
denote them by f [µ]Γ and Θ[µ]Γ , respectively. The group Γ[µ]Γ := Θ[µΓ](Γ) is
a quasiconformal conjugate to Γ called a quasi-Fuchsian group and its limit
set Λ(Γ[µ]Γ) is a Jordan curve.
Taking the Schwarzian derivative {f [µ]Γ , ·} of f [µ]Γ in ∆c, we have from
(9.7)
{f [µ]Γ , γ(z)}γ′(z)2 = {f [µ]Γ , z} (z ∈ ∆c).
The above equation shows that the Schwarzian derivative {f [µ]Γ , ·} is a holo-
morphic quadratic differential for Γ; it is bounded, i. e.,
sup
z∈∆c
ρ−2
∆
c |{f [µ]Γ , z}| < +∞,
where ρ∆c(z)|dz| is the Poincare´ metric on ∆
c
. Since the Schwarzian deriv-
ative depends only on [µ]Γ(= piΓ(µ)), we may denote it by β([µ]Γ).
Thus, we have a map β on the Teichmu¨ller space Teich(S) of S to the
space of bounded holomorphic quadratic differentials on ∆
c
for Γ. It is
known that the map β is injective and holomorphic on Teich(S) and it is
called the Bers embedding of Teich(S).
Now, we consider a holomorphic map Φ := β ◦ F on X. Then, the
conformal maps fΦ(λ) (λ ∈ X), which are solutions of {f, z} = Φ(λ)(z) on
∆
c
, depend holomorphically on λ ∈ X. Therefore, we have a holomorphic
motion φ of ∆
c
over X defined by
(9.8) φ(λ, z) = fΦ(λ)(z), (λ, z) ∈ X ×∆c.
It follows from the λ-lemma that the holomorphic motion is extended to
a holomorphic motion of ∆c over X. The extended holomorphic motion
is Γ-equivariant because of (9.7). Since ∆c is connected, there exists a Γ-
equivariant holomorphic motion φ̂ of Ĉ over X which extends φ by Corollary
9.1. Define
F˜ (λ) =
∂φ̂(λ, ·)
∂φ̂(λ, ·)
∈ Belt(Γ), (λ ∈ X)
then it is a lift of F from the construction. Furthermore, it is holomorphic
by Theorem 2 in [8]; we obtain a holomorphic lift F˜ of F as desired.

Teichmu¨ller space of a closed set. Let E be a closed set in Ĉ. We
consider the lifting problem for T (E). First, we note a relationship between
a holomorphic maps F : X → T (E) and holomorphic motions with trivial
monodromy.
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Let φ : X × E → Ĉ be a normalized holomorphic motion of E over a
Riemann surface X. We may assume that the universal covering X˜ of X is
conformally equivalent to the unit disk ∆ unless the holomorphic motion is
trivial.
Indeed, if X˜ is conformally equivalent to the Riemann sphere or the com-
plex plane, then X˜ does not admit a non-constant bounded holomorphic
function on X˜. It follows from Theorem 1 in [18] that φ ◦ pi is a triv-
ial holomorphic motion of E over X˜, where pi : X˜ → X is a universal
covering map and φ ◦ pi is a holomorphic motion of E over X˜ defined by
φ ◦pi(p, z) = φ(pi(p), z) for (p, z) ∈ X˜ ×E. Since φ is a normalized holomor-
phic motion, we have φ(·, z) ≡ z for any z ∈ E. Hence, φ is extended to a
holomorphic motion trivially.
Let Γ be a Fuchsian group acting on ∆ such that ∆/Γ ' X. Then,
φ ◦ pi defined as above is a holomorphic motion of E over ∆. From the
universal property of the Teichmu¨ller space T (E), we have a holomorphic
map f : ∆→ T (E) which induces φ◦pi (Proposition 3.2). If the monodromy
of φ is trivial, then we verify that f ◦ γ = f for any γ ∈ Γ. Therefore, f
defines a holomorphic map F from X to T (E).
Conversely, any holomorphic map F : X → T (E) gives a holomorphic
motion φF : X × E → Ĉ by
φF (p, z) = Ψ(F (p), z), (p, z) ∈ X × E.
We also see that the monodromy of φF is trivial from the definition of T (E).
We have constructed a projection PE from M(C) onto T (E) and the
real analytic section of PE in §3.2. On the other hand, there are no global
holomorphic sections of PE in general. The following theorem, however,
implies that a holomorphic map from a Riemann surface to T (E) can be
lifted to M(C) via PE .
Theorem VII. Let F : X → T (E) be a holomorphic map of a Riemann
surface X to Teichmu¨ller space T (E) of a closed set E ⊂ Ĉ. Then, there
exists a holomorphic map F˜ from X to M(C), the space of Beltrami coeffi-
cients on C, which satisfies the following commutative diagram.
M(C)
PE

X
F˜
<<
F
// T (E)
Proof. As we have seen above, the holomorphic map F gives a holomorphic
motion φF of E over X with trivial monodromy. Therefore, we have a
holomorphic motion φˆF : X × Ĉ → Ĉ which extends φF by Theorem I.
Hence, we have a map F˜ : X →M(C) by
F˜ (p) =
∂φˆF (p, ·)
∂φˆ(p, ·) ∈M(C).
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We see that it is a lift of F . Moreover, the map F˜ is holomorphic on X by
Theorem 2 in [8]. Hence, F˜ is a holomorphic lift of F . 
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